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In the committee voting setting, a subset of k alternatives is selected based on the preferences of voters. In this
paper, our goal is to efficiently compute ex-ante fair probability distributions (or lotteries) over committees.
Since it is not known whether a lottery satisfying the desirable fairness property of fractional core is polynomial-
time computable, we introduce a new axiom called group resource proportionality (GRP), which strengthens
other fairness notions in the literature. We characterize our fairness axiom by a correspondence with max
flows on a network formulation of committee voting. Using the connection to flow networks revealed by this
characterization, we then introduce voting rules which achieve fairness in conjunction with other desirable
properties. The redistributive utilitarian rule satisfies ex-ante efficiency in addition to our fairness axiom. We
also give a voting rule which maximizes social welfare subject to fairness by reducing to a minimum-cost
maximum-flow problem. Lastly, we show our fairness property can be obtained in tandem with strong ex-post
fairness properties — an approach known as best-of-both-worlds fairness. We strengthen existing best-or-both-
worlds fairness results in committee voting and resolve an open question posed by Aziz et al. [2023a]. These
findings follow from an auxiliary result which may prove useful in obtaining best-of-both-worlds type results
in future research on committee voting.
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1 Introduction

In the committee voting problem, we are tasked with selecting a subset of k alternatives (or candi-
dates) given the preferences of a population of voters. The problem models a rather natural and
practical scenario and has garnered notable attention in recent research [Aziz et al., 2019b, Brandt
et al.,, 2016, Endriss, 2017]. In this work, we contribute to the growing body of work pursuing fair
committee voting outcomes when voters report preferences in the form of a subset of candidates of
which they approve (see Lackner and Skowron [2022] for extensive coverage of this topic). One clear
advantage of approval ballots is due to their simplicity compared to ballots such as rankings and
cardinal reports. Furthermore, approval ballots are clearly the most natural method of preference
elicitation under our assumptions about voters’ preference structure: we assume voters’ preferences
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are dichotomous with respect to candidates and derive utility equal to the number of approved
candidates on the selected committee.

While the assumption of dichotomous preferences allows for many theoretical results that
encounter impossibilities in more general settings, there remain significant obstacles in obtaining
committees which are fair to all voters. Most fundamentally, no deterministic rule satisfies a very
basic fairness notion known as positive share, which guarantees that every voter receives some
non-zero representation on the selected committee. A natural approach to circumvent this and other
impossibilities is to employ randomization by computing a probability distribution (or lottery) over
committees which achieves desirable properties in an ex-ante sense. This approach has significant
precedent in the (single-winner) voting setting [Gibbard, 1977], and in particular, voting under
dichotomous preferences [Aziz et al., 2019a, Bogomolnaia et al., 2005, Brandl et al., 2021].

Recently, this approach has been extended to the committee voting setting with dichotomous
preferences [Aziz et al., 2023a, Cheng et al., 2020]. Fairness axioms in committee voting often aim
for some semblance of proportional representation, the idea that every group of voters should
control a fraction of the committee proportional to their size. The most pervasive such axiom is
that of core, initially conceptualized and investigated by Droop [1881] and Lindahl [1958]. While
existence of the core is not known in an ex-post sense, its fractional analog known as fractional core
has been shown to exist. However, there is no known polynomial time algorithm for computing
fractional core [Munagala et al., 2022]. Furthermore, while maximizing Nash welfare computes a
fractional core outcome in the single-winner setting, this does not extend to committee voting (see
Example 4.1), highlighting the structural differences between the two settings. Indeed, Aziz et al.
[2023a] demonstrate the technical subtleties that arise when extending axioms and algorithms from
probabilistic single-winner voting to probabilistic committee voting. They extend the fair share
axioms from the single winner setting [Bogomolnaia et al., 2005, Duddy, 2015] to the committee
setting, showing that two alternative interpretations of those axioms result in distinct hierarchies,
the strongest properties of which are group fair share and strong unanimous fair share.

Our first contribution is the group resource proportionality (GRP) axiom (Section 3), which unifies
both axiom hierarchies from Aziz et al. [2023a] (by strengthening both group fair share and strong
unanimous fair share), and is achievable in polynomial time. At a high level, GRP lower bounds,
for each group of voters S, the number of selected candidates which represent some voter in S, in
expectation. The lower bound depends on the proportional size and the preference structure of the
voter group. We provide a characterization of GRP (Theorem 3.3) using a network flow formulation
of our problem, in which voters control a proportional fraction of the committee size (or “budget”),
and can only flow into candidates they approve. Specifically, we show that a lottery satisfies our
axiom if and only if it corresponds to a solution to the max flow problem on this network. We point
out that, since we show GRP is implied by fractional core (Proposition 3.7), this characterization
also sheds some light on the structure of fractional core solutions, about which not much is known.

In Section 4, we exploit the connection drawn between probabilistic committee voting and
network flows in order to devise fair voting rules which achieve additional desiderata. We introduce
a voting rule which obtains GRP and ex-ante (Pareto) efficiency and can be computed in polynomial
time. Our algorithm - the redistributive utilitarian rule — leverages our characterization and carefully
redistributes voters’ remaining budgets to avoid any voter exhausting their budget prematurely. In
the single-winner setting, Brandl et al. [2021] showed that ex-ante efficiency and strategyproofness
cannot be achieved jointly with positive share. In that setting, the conditional utilitarian rule
(CUT) offers a compromise: strategyproofness and efficiency subject to group fair share. We give an
impossibility demonstrating that no rule satisfying these properties exists in probabilistic committee
voting. We introduce Generalized CUT, a voting rule which maximizes social welfare subject to
GRP by framing instances of our problem using a minimum-cost maximum-flow formulation.
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In Section 5, we show ex-ante GRP can be obtained in tandem with strong ex-post fairness
properties, such as FJR and EJR+, contributing to the literature on “best of both worlds fairness”
[Aziz et al., 2023a,b]. To do so, we identify a condition on an integral committee W which is sufficient
to guarantee polynomial computation of an ex-ante GRP lottery over committees which contain W
(Theorem 5.3). As corollaries of this statement, we get the strongest known best-of-both-worlds
results in the committee voting setting, and resolve an open question posed by Aziz et al. [2023a].

Related Work

Approval-based committee voting is a fundamental voting model with broad applications. Multi-
winner voting is readily applicable in settings where a fixed committee size must be chosen, such
as in parliamentary elections , and the selection of a board members. Due to its generality, in recent
years, it has found applications in recommender systems [Chakraborty et al., 2019, Gawron and
Faliszewski, 2022, Skowron et al., 2017], the design of Q & A platforms [Israel and Brill, 2021],
blockchain protocols [Burdges et al., 2020], and global optimization [Faliszewski et al., 2017].

As the existence of core is a major open problem in approval-based committee voting [Lackner
and Skowron, 2022], there has been a significant body of work focused on developing algorithms that
achieve approximate notions of core. Peters and Skowron [2020] showed that Proportional Approval
Voting gives a committee that is a factor-two multiplicative approximation to core. Munagala et al.
[2022] showed that a constant factor approximation to core is achievable in committee voting, even
with monotone submodular utility functions. Another way to relax the notion of core is to restrict
the deviating groups. This was the approach taken by Aziz et al. [2017], who initiated the study of
representation for cohesive groups, spawning a large body of work exploring various axioms and
algorithms [Aziz et al., 2018, Brill et al., 2023, Brill and Peters, 2023, Elkind et al., 2022].

Our paper achieves fairness in committee voting through a probabilistic lens. The study of
lotteries over outcomes for a fixed preference profile is referred to as probabilistic voting. In single-
winner probabilistic voting, Bogomolnaia et al. [2005] defined various ex-ante fairness notions
and rules, which have been further explored in later works [Aziz et al., 2019a, Brandl et al., 2021,
Duddy, 2015, Michorzewski et al., 2020]. In the committee voting setting, Munagala et al. [2022]
used the existence of Lindahl equilibria along with various rounding schemes to prove existence
of constant factor approximate core committees. Cheng et al. [2020] introduced the concept of a
stable lottery, which asserts that for any committee W of size a, the expected number of voters who
prefer W to the committee sampled from the lottery does not exceed ay for each 1 < a < k. They
use the probabilistic method to show the existence of stable lotteries. Unlike our fairness notion,
no efficient algorithm is known to give stable lotteries under dichotomous preferences.

When studying lotteries that are fair in expectation, it is natural to ask whether such a lottery
can be supported over desirable outcomes. This is referred to as "best-of-both-worlds fairness,"
a term coined by Freeman et al. [2020]. They show that ex-ante envy-freeness and ex-post near
envy-freeness is achievable in the resource allocation setting. Subsequent works [Feldman et al.,
2023, Hoefer et al., 2023] have established similar guarantees are possible in various resource
allocation problems. In approval-based committee voting, Aziz et al. [2023a] showed that ex-ante
GFS and ex-post EJR can be achieved simultaneously. The best-of-both-worlds perspective on
voting was further explored by Aziz et al. [2023b] in the setting of participatory budgeting.

Our approach to exploring ex-ante fairness makes use of network flows, where flow conservation
naturally aids in the feasible exchange of probability weights among voters. A similar flow-based
approach was used by Vazirani [2007] for the computation of market equilibria in a private goods
economy and when studying competitive equilibria in trade networks [Candogan et al., 2016].
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2 Preliminaries

For any positive integer t € N, we write [t] := {1,2,...,t}. Denote C as the set of m candidates and
N = [n] as the set of voters. We assume that the voters have dichotomous preferences over candidates.
That is, each voter’s preference is represented by a set of approved candidates, called an approval set.
For each voter i € N, denote A; C C as the approval set of voter i. An instance J of approval-based
committee voting is given by a set of candidates C, an approval profile A = (A1, Az, ..., Ap), and a
positive integer k with k < m.

Integral and Fractional Committees. An integral committee W (or simply committee, when
context is clear) is a subset of C of size k. A fractional committee is specified by an m-dimensional
vector p = (pe)eec € [0, 1]™ with Y .cc pe = k. For notational convenience, we use Tw € {0,1}" to
denote the vector representation of an integral committee W, i.e. the fractional committee with the

j" component equal to 1 if and only if j € W.

Lotteries. A lottery is a probability distribution over integral committees. Lottery is specified by a
set of s € N tuples {(4;, Wj)}je[s) with 23; A; = 1, where for each j € [s], the integral committee
W; C C is selected with probability A; € [0, 1]. It can be seen that every lottery {(4;, W})} j¢[s] has
a unique corresponding fractional committee given by p = 3, ;¢[5; 4 jTV‘G' Here p. can be interpreted
as the marginal probability of candidate ¢ being selected in a committee drawn from the lottery.
We say lottery {(A;, Wj)}je[s] is an implementation of a fractional committee p if p = . ;c[4] Aﬂwj.

As is common in approval-based committee voting, we assume voters’ preferences over commit-
tees are determined by the number of approved candidates on the committee, i.e. u; (W) = |A; N W|.
Extending to fractional committees, we define the utility of voter i from fractional committee
P as ui(p) = Ycea, Pe. We point out that voter i derives utility from a fractional committee
equivalent to his expected utility from any lottery implementing p, i.e. u;(p) = Eya [u;(W)]for
any implementation A of p.

A (voting) rule F is a function that maps each approval profile A and committee size k to a
feasible fractional committee F(A, k) € [0,1]™.

Definition 2.1 (Strategyproofness). A rule F is strategyproof if for all i € N, all k < m, and all
approval profiles of the form A = (A],...,A;...,A;) and A’ = (A},...,A],...,A}), we have
ui(F(A, k) = u;(F(A',k)).

Definition 2.2 (Efficiency). A fractional committee p is efficient if there is no alternative fractional
committee g such that u;(§) > u;(p) for all i € N and this inequality is strict for at least one agent.

We point out that, while we define voting rules and most of the properties in this paper in
terms of fractional committees, each of our properties and results have natural analogs for lotteries.
Specifically, we say a lottery satisfies a property ex-ante if and only if the lottery implements a
fractional committee which satisfies the fractional property. As an example, if fractional committee
p satisfies strategyproofness (as above), then any algorithm that outputs an integral committee
sampled from a lottery which implements p will in fact satisfy ex-ante strategyproofness. Although
every lottery corresponds to a unique fractional committee, the converse is not true. However,
computation of an implementation of a fractional committee can be achieved through rounding
schemes commonly studied in combinatorial optimization [Chekuri et al., 2010, Gandhi et al.,
2006, Srinivasan, 2001]. In particular, the rounding scheme of [Aziz et al., 2019¢c] shows that every
fractional committee of size k can be implemented with a lottery over integral committees of size k
in polynomial time. This means that the algorithmic results of Section 4 also carry over to lotteries.
In summary, while we will often restrict our treatment to fractional committees, this is purely for
the sake of notational clarity.
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Fig. 1. lllustration of the network representation of an instance of committee voting.

Flow Network Formulation

We will often represent committee voting instances using flow networks. At a high level, the
network representation of an instance: (i) connects the source to a node for each voter, (ii) connects
each voter to candidates of which they approve, and (iii) connects those candidates to the sink.
Refer to Figure 1 for an illustration of a network representation of an instance.

Definition 2.3. The network representation of an instance J, denoted Ny (or simply N), is a flow
network with source s, sink ¢, a node for each voter and each candidate, and edge capacities defined
as follows (an edge exists if and only if a capacity is defined below):

e cap(s,i) =k/n Vie N

e cap(i,c) =0 Vie N,ce€A;

e cap(c,t) =1 VceC.

Since we typically consider a single instance at a time, we will almost always use N to denote Ny.
For T C C, we will define N(T) to be the network Ny where vertices corresponding to candidates
in C \ T and associated arcs are removed. Formally, if 7 = (C, A, k), then N(T) = Np where
I'=(T,A’ k)and A’ = (A NT,...,A,NT).In this paper, we will often search for fair committees
using the network flow representation of our instance. To do so, we must also be able to translate
from network flows to fractional committees. Given a feasible flow f on the network representation
of an instance, we define the fractional committee given by f to be p where p. = f(c — t) for all
¢ € C. We remark that any fractional committee given by a feasible flow must also be feasible. This
holds since p. = f(c > t) < cap(c,t) =1forallc € C,and Y. f(c = 1) = Xjen f(s = i) < k.

3 A Characterization of Fair Committees

In this section, we introduce a new axiom which unifies and strengthens existing notions of fairness.
We then give a characterization of our fairness notion using the network representation of the
problem. We first give an intuition and motivation behind our fairness notion.

Definition 3.1 (Fractional Core). A fractional committee p satisfies fractional core (or lies in the
core) if there is no group of voters S and committee § with },.cc g < |S|% such that u;(§) > u;(p)
for all i € S with at least one inequality strict.

The fractional core has a fair taxation interpretation [Lindahl, 1958, Munagala et al., 2022]. The
quantity % can be thought of as the tax contribution of a voter. The tax money collected is used
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to buy candidates, where each candidate has a unit cost.! A committee satisfies the fractional
core if no group of voters S collectively could use their tax contribution |S|§ to “buy” a fractional
committee which they all prefer. Fractional core captures the notion that no group of voters, using
only their own resources, can achieve a better outcome for themselves. By comparison, our fairness
notion states that the total amount of tax contribution (resources) spent on candidates approved by
S must be at least the maximum amount that the group S could spend, provided that no agent’s
contribution is spent on a candidate they do not approve. Thus, our fairness notion captures the
spirit of fractional core while being easier to achieve.

Definition 3.2 (Group Resource Proportionality). A fractional committee p is said to satisfy group
resource proportionality (GRP) if for every S C N:

k k
D pe ISl —max |T]- — [_ad|. M

ce A; ieT
ieS

It is important to note that the right hand side of inequality (1) is not necessarily |S| %, which
one might expect, considering the fair taxation interpretation in which each voter in S contributes
%. Instead, due to the fact that candidates can receive at most one unit of resources, this quantity
depends on the structure of the approval sets of the voters in S.

Our fairness notion has a natural interpretation in terms of lotteries. Any lottery A implementing
a GRP fractional committee p satisfies, for every group of voters S C N,

s 1| Jad

ieT

5

k
Ew-all{c € W | 3i € S such that ¢ € A;}|] > |S|- - max
n <

where the left hand side is the expected number of selected candidates approved by some voter in
S. Thus, GRP lotteries give a strong ex-ante representation guarantee to every coalition of voters.

GRP Characterization

As GRP gives strong representation guarantees for every coalition of voters, it is not clear a priori
whether such fractional committees always exist or how to obtain one. In the following result, we
use the network flow formulation of our problem to provide a characterization of GRP outcomes.

Theorem 3.3. A fractional committee p satisfies group resource proportionality if and only if there
exists a max flow f on the network representation N such that p. > f(c — t) foreachc € C.

PROOF. Let p be a fractional committee satisfying GRP, and consider a modified network N with
modified capacities cap(c — t) = p. for each ¢ € C. By the max-flow min-cut theorem, there exists
a maximum (or max) flow f on N such that

k
D fle=n=min|IN\T|-+ > p
ceC B " celU A;
ieT

Lk
=IN\T' =+ > pe
n

ce U A;

ieT*

!Candidates can be bought fractionally, meaning that if in total @ € (0,1) dollars are spent on a candidate c, then the
candidate is selected fractionally with p. = « .

969



Maximum Flow is Fair: A Network Flow Approach to Committee Voting ~ EC 24, July 8-11, 2024, New Haven, CT, USA

s 1| Jad

k

> |N\T'|—-+|T" |——max
n

ieT

k
=k~ max T~ ~ ||_] Al
ieT
k
> k - max |T|——|UA|
n ieT

where the first inequality follows from the fact that p satisfies GRP. Observe that

|T|——|UA|

ieT

IN\T|= +|UA|

ieT

k- max mm

which is equal to the min cut value of NV. Hence, f is indeed a max flow on A and since f is also a
valid flow on N, it satisfies pe > f(c — t) foreachc e C.

We now prove the converse direction. Let f be a max flow on network formulation N and
pe = f(c — t) for each ¢ € C. Suppose, on the contrary, that p does not satisfy GRP. That is, there
exists S” € N such that

|T|——|UA|

ieT

> pe<ISs —max @)
ce U A;

ies’

Observe that |S’ |— ~ max [|T|E — | Uier Ai |] mm [|S’ \ T|k + | Ujer Ai |] which is the min cut

value of a subnetwork N " where the set of Voters is " and the set of candidates is |J A;. By the
ieS’

max-flow min-cut theorem, we know that there exists a max flow f” on N’ whose value satisfies
> fllc—1t)= mm [|S \ T Ly Uier Ai |] Consider a new flow f* on the entire network N
ce U A;

ies’

defined as follows:

ffs—>i)=f(s—i) Vies, ffli—=cj)=f'(i>cj) VieS Ve €A
ficj—=t)y=f"(c;—t) Vej € UA,
res’
ff(s—>i)=f(s—>i) VieN\S ffi—>c)=0VieN\S, Ve € UAi
ieS
flioe)=flioc) VieN\S Veea\| Ja  fl—>0=Ff; -1 Ve ec\| Jar
res’ res’

Note that f* satisfies the capacity constraints as well as the flow conservation constraints on the
entire network N, and thus is a valid flow on N. Finally we see that,

Dflemn= > fe-n+ > fle—o)

ceC ce lJ A; ceC\ U A;
ies’ ies’
< > pet Y flem)  fle) <pi VeieC
ce J A; ceC\ U A;
ies’ ies’
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mE -1 Jad

Y flem by (2

ok
< ||S’|- — max
n TCS

ieT ceC\ U A;
ies’

= min |5'\T|5 +] UA-l + Z flc—> 1)

TCS n N2

ieT ceC\ U A;
ies’

= > flle=n+ Y fleo

ce | A; ceC\ U A;

iesS’ ies’

=Y fle—1)

ceC

However, this contradicts the assumption that f is a max flow on N. O

An immediate consequence of Theorem 3.3 is that every fractional committee given by a max
flow f on the network representation N satisfies GRP. As we will see, the characterization result
also provides a useful tool for designing rules which satisfy GRP.

Comparison With Existing Fairness Notions

In this section, we compare our fairness notion with the existing fairness notions. We begin by
noting that, due to the structural differences between the two settings, significant challenges arise
when extending axioms and algorithms from the single-winner setting of probabilistic voting to
probabilistic committee voting. This was explored by Aziz et al. [2023a], who extended the fair share
axioms from the single-winner setting [Bogomolnaia et al., 2005, Duddy, 2015] to the committee
voting setting, showing that two alternative interpretations are possible resulting in two distinct
fairness hierarchies. The strongest axioms of the two distinct hierarchies are group fair share (GFS)
and strong unanimous fair share (Strong UFS).

Definition 3.4 (Strong UFS [Aziz et al,, 2023a]). A fractional committee p satisfies Strong UFS
if for all S € N where A; = A; for any i, j € S, it holds for each i € S that u;(p) = Ycca, pe >
min {|S|%, |A;|} .

Definition 3.5 (GFS [Aziz et al., 2023a]). A fractional committee p satisfies GFS if it holds for
every S C N that Xcej, o4, Pc = % - Dies min{k, |A;|}.

We first show that our fairness axiom unifies both fairness hierarchies of [Aziz et al., 2023a] by
strengthening both GFS and Strong UFS. All omitted proofs can be found in the appendix.

Proposition 3.6. Group resource proportionality implies Strong UFS and GFS.

We next show that fractional core implies GRP. As a consequence, one can conclude that for
every committee p in the fractional core, there exists a max flow f on the network representation
N such that p; > f(c; — t) for each ¢; € C due to Theorem 3.3. This provides additional insight
into the structure of fractional core solutions, which is currently not well understood.

Proposition 3.7. Fractional core implies group resource proportionality.

Although GRP is implied by the fractional core, there are several advantages to our fairness
notion. First, while no known efficient algorithm exists for the fractional core [Munagala et al.,
2022], our fairness notion can be achieved through an efficient algorithm. Second, given a fractional
committee p, checking whether it satisfies GRP can be done in polynomial time (Proposition 3.8).
This is in contrast to the fractional core, where to the best of our knowledge, it is not known
whether such an algorithm exists.
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Proposition 3.8. For a given fractional committee p, checking whether p satisfies group resource
proportionality can be done in polynomial time.

4 Algorithms for Fair and Efficient Committees

Given that there may be many max flow solutions to the network formulation of a given instance,
and thus many solutions satisfying our fairness notion, we seek to further refine the set of desirable
outcomes. We begin by searching for outcomes which are both fair and (Pareto) efficient, meaning
the resulting utility profile is not strictly Pareto dominated by another outcome’s utility profile.

In the single-winner setting, the voting rule which maximizes Nash welfare is ex-ante efficient
and satisfies fractional core. However, as we will now show, the maximum Nash welfare rule does
not guarantee GRP in the probabilistic committee voting setting, let alone fractional core.

Example 4.1 (Nash violates GRP). Suppose there are four voters, three candidates, k = 2, and
the voters’ preferences are: A; = {a}, A, = A3 = {a, b}, and A4 = {c}. Since N, 2 N, a dominates
b with respect to Nash welfare and thus b can be selected with positive probability in the Nash
welfare-maximizing outcome if and only if a is integrally selected. Thus, due to the committee size
and number of candidates, it is clear that a is integrally selected. One can then frame Nash welfare
as a single-variable optimization to show that p = (1, 1, 2) is the unique fractional committee
maximizing Nash welfare. However, denoting S = {1, 2,3}, we can then see that p violates GRP

33
with respect to S:
k 3 4
- -lJal|=3>3= >

k
|S|— — max
TCS
n ieT JjEViesAi

where the first equality follows since the maximum is attained with the empty set.

It is worth pointing out that the incompatibility proved by Example 4.1 does not appear to
result from a clash between efficiency and fairness. Indeed, the natural GRP fractional committee
q=(1, %, %) is ex-ante efficient. Furthermore, the fractional committee selected by the Nash rule in
Example 4.1 is more egalitarian than any solution satisfying GRP.* Thus, Nash welfare embodies a
sense of fairness distinct from that of fractional core and similar concepts, which measure fairness
by comparing against a “deserved” outside option, as opposed to taking a welfarist approach. While
these fairness notions coincide in the single-winner setting, they diverge in the committee voting
setting. One possible intuition for this divergence is that voters’ optimal utilities can be any integer
in [k] in the committee voting setting, whereas they are all equal to one in the single-winner
setting. This can increase heterogeneity in voters’ “deserved” outside options, but the Nash rule
maximizes a welfare function which depends on voters’ utilities in a symmetric fashion.

Since we already know how to compute a fractional committee satisfying GRP in polynomial
time, it is natural to ask whether we can achieve fairness and efficiency by iteratively identifying
and applying Pareto improvements to a fair committee, which can be done with a simple linear
program. However, even in the single-winner special case, an arbitrary Pareto improvement with
respect to a GRP fractional committee need not maintain the weaker property of GFS, let alone
GRP.? Thus, an approach which treats fairness and efficiency sequentially is likely to meet with
significant obstacles. In the next subsection, we will present an algorithm that instead maintains
the invariant of efficiency while constructing a fair fractional committee.

2Note that any fractional committee § with g. > % cannot elementwise dominate a max flow on N.

3Suppose there are four candidates and three voters with preferences as follws: A; = {a, b}, Az = {b,c}, A3 = {d}.It can be
verified that ¢ = (%, 0, %, %) satisfies GRP. Now consider the fractional committee p = (0, %, 0, %), which Pareto dominates
G but does not satisfy GFS with respect to voter group {1, 2}.
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ALGORITHM 1: Redistributive Utilitarian Rule (RUT)

Input: Voters N, candidates C, approval profile (A;)jen and committee size k.
Output: A fractional committee p = (A¢)ccc of size k.

Aj «— 1forallie N

s* — maxcec sp(c)

Let fp denote a trivial flow on any flow network.

je1
while j < m do
cj < argmax,cc sy (c)
Nj — N({C1, o .,Cj})
Apply Lemma 4.2 to the flow fj_; on N7 to obtain a max flow fjon NI
Vi—{ieN:fi(s—i)<k}
if A C{ceC: fij(c>t)=1}VieV;then
| Exit loop.
end

aemin{aeR: max a«|NcﬁVj|+s/1(c):s*}
ceC\{cy,...cj }

forieV;do

‘ Ai «— /11‘ +a

end

je—j+1

end
[P
Denote p as the fractional committee given by f*.
while k -} .cc pec > 0do
6 —k—-2XcecPe

¢« argmax sy(c)
{ceC:p.<1}

pe — max(1, pc +5)
end

return p

4.1 Redistributive Utilitarian Rule: Efficiency + GRP

At a high level, our algorithm — which we call the redistributive utilitarian rule (RUT) — maintains
the invariant of efficiency while constructing a fair fractional committee. To do so, it ensures that
the selected committee maximizes weighted utilitarian welfare while iteratively computing max
flows and redistributing flow to avoid long augmenting paths. We will now give a more detailed
description of RUT. Refer to Algorithm 1 for a detailed description in pseudocode.

We start with unit weights A; = 1 and a modified version of N such that all candidates are
removed from the network. We identify some candidate ¢* which maximizes over all ¢ € C the
“score” sy(c) = Xjen, Ai and let s* = ¥, . A;. In each round, we add ¢* to our modified network
and compute a max flow f which balances flows in a way that avoids saturating any edge from the
source to an agent whenever possible (see Lemma 4.2). The weights A; are then effectively frozen
for any agents with f(s — i) = % and the weights of the other agents are uniformly increased
until there is some new candidate ¢* with s)(c*) = s*.

This loop terminates when, for each i € N with f(s — i) < % itholdsthat A; C {c e C: f(c —
t) = 1}. Intuitively, this means there is no agent with unsaturated capacity from the source who
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approves of some candidate with unsaturated capacity to the sink. We refer to the network flow
resulting from this process as f*. Lastly, letting § denote the fractional committee given by f*, we
greedily allocate the remaining probability k — }.cc g. to candidates in descending order of s; (c),
and return the resulting fractional committee, denoted p.

A subtle but crucial detail of RUT is the way it computes a max flow on the subnetwork in each
iteration. If the max flow computed saturates an arc to some voter unnecessarily, then the result of
the algorithm may admit an augmenting path in the main network and thus will fail GRP. Thus,
we carefully redistribute flows in each iteration to compute a max flow which only saturates the
arc to a voter when strictly necessary. This can be thought of as an intermediate fairness check
executed during each iteration of RUT. This redistributive process gives our voting rule its name
and will be detailed in the proof of the following technical lemma, which is key to our proof that
RUT satisfies GRP.

Lemma 4.2. Given a network formulation N and a feasible flow f on N (T) for someT C C, there
exists a polytime computable max flow ' on N (T) such that each of the following conditions holds:

(1) VieNwithA; CT,f(s > i)=% = fls—i=k
(2) If the residual network resulting from flow f’ on the main network N admits an augmenting
path, then the shortest such augmenting path is of length three.

@) fllc>t)> flcot) VeeT

Proor. Starting with f, apply Ford-Fulkerson to compute a max flow " on N(T). Since Ford-
Fulkerson weakly increases flow on arcs exiting the source, Condition (1) holds so far. We now give
a procedure which will give us the desired condition without changing the flow value and thus
maintaining the max flow property. The procedure can be thought of as iteratively rebalancing
payments in order to avoid fully saturating connections from the source to voters who approve of
some candidate not contained in the subnetwork.

LetN'={ieN: f'(s>1i)= %,Ai \ T # 0}, the set of agents whose connection to the source
is saturated under f’, but still approve of some candidate not in T. Search in the residual network
resulting from f” on the subnetwork N (T) for a cycle Y; = (s,i1,¢1, . . ., Iy, Cr, i, ) With bottleneck
b > 0 (i.e., the minimum residual capacity on the cycle is strictly positive) where i € N’. Update f”
by pushing %b additional flow along Y;. Refer to Figure 2 for an illustration of such a flow update
along a cycle. When such a cycle no longer exists, return f”.

Note that the flow value of f’ is invariant in this cycle described in the previous paragraph since
flow travels in a cycle starting and ending at the source. Thus, f’ remains a max flow on N (T). To
see that this procedure is polynomial time computable, observe that identification of a cycle in the
residual network with positive bottleneck and ending in an agent in N’ can be computed with BFS,
and that there are at most n iterations. The latter observation is true since each cycle decreases the
size of N’ by exactly one. Specifically, after pushing flow along cycle Y;, f'(s — i) = % - %b < %
(so i no longer belongs to N’) and f'(s — i;) < (% -b)+ %b < % (so i, the only other voter
whose flow from the source changes, is still not in N’). We can see that Condition (1) is retained
throughout this procedure by noting that A; ¢ T sincei € N" and f(s — i;) < f'(s = i}) < %
and thus the only two voters for whom f”(s — i) has changed still uphold the condition.

Before proving Condition (2), we first point out that any feasible flow on N (T) is also feasible on
N by virtue of N(T) being a subnetwork. This is important as we assume that f” can be treated as
a network flow on N in the statement. We prove Condition (2) by contradiction. Suppose that the
shortest augmenting path on the residual network R resulting from network flow f” on A has a
length of four or more. Then, the shortest augmenting path is of the form P = (s, iy, ¢1, .. ., i, Cpy t)
for some r > 2. Note that f'(s — i) = % since otherwise this edge would have residual capacity
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Fig. 2. lllustration of a flow update along a cycle Y; = (s, i1, c1, ..., ir, ¢, i, s) with bottleneck b > 0. Labels in
black denote flow bounds sufficient to trigger the flow update. Green arcs show the path of flow redistribution.

and (s, iy, ¢, t) would constitute an augmenting path of length three. Also note that ¢, ¢ T since
otherwise P would constitute an augmenting path in the residual network from network flow f”
on N(T), contradicting that f” is a max flow on N (T). Together, these two observations show that
ir € N’ at the termination of the loop.

It is apparent that {cy,...,c,—1} € T since there is residual capacity on the “backward” arc
(cjijs1) in Ry for all j € [r — 1]. This means that Y = (s,i1,c1,. .., i, ) is a valid cycle in the
residual network resulting from flow f’ on N (T). Furthermore, since (i, s) has strictly positive
residual capacity as does every other arc in Y (by virtue of belonging to an augmenting path
P), it holds that the bottleneck of Y is strictly positive. This leads us to a contradiction since the
termination condition of our procedure was not met. Condition (3) holds since Ford-Fulkerson
weakly increases flows on each arc from a candidate to the sink and the procedure we execute
afterwards never alters the flows from a candidate to the sink. O

We can now state and prove the main theorem of the section.

Theorem 4.3. Redistributive Utilitarian Rule computes a fractional committee satisfying efficiency
and group resource proportionality in polynomial time.

Proor. We first point out that the first while loop (which we will refer to as the main loop) of
RUT (Algorithm 1) will always terminate due to the if-condition. This is because, when j = m,
N/ = N and thus applying Lemma 4.2 computes a max flow on V. And if any agent in V/ approved
of some candidate that was not integrally funded, there would be an augmenting path. Henceforth,
we denote the total number of rounds executed in the main loop as z.

GRP. We now show that p, the fractional committee computed by RUT, satisfies GRP. Since p
clearly elementwise dominates the fractional committee given by f*, it is sufficient by Theorem 3.3
to show that f* constitutes a max flow on N. Assume, for the sake of a contradiction, that f* is
not a max flow on . Then, there must be an augmenting path in the residual network R ¢« from
network flow f* on N. However, since f* was computed by an application of Lemma 4.2, we know
that the shortest augmenting path in R¢- is of length three. That is, there is an augmenting path of
the form P = (s,i,c,t) for some i € N, ¢ € C. Since there must be residual capacity in Rf* for each

arc in P, it is clear that f*(s — i) < cap(s — i) = % and f*(c — t) < cap(c — t) = 1. However,
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since (i, ¢) being an arc in N implies ¢ € A;, this means that agent i and candidate ¢ contradict the
termination condition of the main loop of RUT.

Efficiency. We will prove efficiency by showing that the fractional committee p is equivalent to a
greedy selection of candidates in order of their score s;(c). Let C* denote the candidates which
receive flow during the main loop of RUT, i.e. f*(¢c — t) > 0 for all c € C*. Let C~ denote the
complement set of candidates, i.e. f*(¢c — t) = 0 for all ¢ € C™. It is clear that all candidates in C*
are included in N?, the state of the subnetwork when the main loop terminates. By construction,
since weights weakly increase over the course of RUT and a candidate c; is added to the subnetwork
N7 only when it reaches the score s (c;) = s*, we have that sy(c) > s* for all c € C*.

Now suppose there is some candidate ¢’ with sy (¢’) > s*. Clearly, since weights only increase
during the main loop, s;(c”) hit s* before the main loop terminated and ¢’ was added to the
subnetwork. Thus, ¢’ = ¢; for some j. Since the score of c¢; continued to increase after this
iteration, there must have been some voter i’ with ¢; € Ay and fj(s — i’) < % for some j’ > j.
Since fj is computed via iterated application of Lemma 4.2, it is clear from Condition (1) that
fils = i) < S Since we know f; is a max flow on A7, it must be that fj(¢’ — t) = 1, since
otherwise (s, i’, ¢/, t) would constitute an augmenting path. Then, by Condition (3) of Lemma 4.2,
we have that f*(¢’ — ) = 1. Note that this observation implies that for any ¢ with f*(c — ) < 1,
it must be that s, (c) < s*.

We can now show that any two fractionally selected candidates must have equal scores. That is,

SA(Cl) = SA(CZ) VCI, C2 € C 3Pc1,Pcz S (05 1) (3)
On the contrary, assume without loss of generality, that s;(c;) > sy(c2). If ¢; € C*, then
sa(er) > sp(e2) 25" = fH(c1 = 1) =1> p,.

Since p. > f*(c — t) for all ¢ by construction, this is a contradiction. So it must be that ¢c; € C~ and
thus f*(c; — t) = 0, which means that ¢, was fractionally selected during the greedy completion
phase (the second while-loop in Algorithm 1). However, this loop selects in order of score, and
since ¢; is not integrally selected and has a higher score, we reach a contradiction.

Our second key observation is that the score of any integrally selected candidate is always at
least that of any fractionally selected candidate, i.e.

sp(cr) = sy(co) Vey,e2 € C:pe, < Pey = 1. (4)

To see this, first note that s;(cz) < s™ by our previous observation since f*(c; = t) < p., < 1. If
c; € C*, then sy(c1) > s* and Equation 4 follows. Otherwise, ¢; € C” and was selected entirely in
the phase which proceeds greedily by score amongst candidates which have not been integrally
selected. Since c; is not integrally selected, it follows that c; has a higher score, i.e. s3(c1) = sp(c2).

Our third and final observation confirms that any candidate which receives positive probability
under RUT has a higher score than any candidate which does not, i.e.

sy(c1) = sa(cz) Ve, c2 € Cipey > pe, = 0. 5)

Note that ¢; € C~. Thus, Equation 5 follows since s;(c;) > s* > sp(cp) if ¢; € C*, and by
construction of the greedy completion phase if not.
Altogether, from Equations 3-5, we have that p is the fractional committee which maximizes the

expression
mgxz qcsa(c) = m;xz Z qchi = mgxz Z qchi = m;xz A (G).

ceC ceCieN, ieN ceA; ieN

Thus, p maximizes weighted utilitarian welfare for positive weights A;, and efficiency follows.
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ALGORITHM 2: Generalized CUT
Input: Voters N, candidates C, approval profile (A;);en and committee size k.
Output: A fractional committee p = (A)cec of size k.

Let U = (C1, Cy, ... Cy) be a partition of C ordered by decreasing approval score, i.e. for a € C;,b € Cj,
[Ng| > |Np| & i< jand|Ng| =|Np| & i=]j.
Add costs to N:

e cost(c,t) =rforallc € Cpr,r € [I]
o cost(u,v) = 0 for all other arcs in N

Compute a minimum-cost maximum-flow f* on N.
Let 5° be the fractional committee given by f*.
pep

Complete p greedily in order of U until }.cc pc = k.

return p

Polynomial time computation. The main loop of RUT adds a candidate to the subnetwork in each
iteration and thus terminates in at most m iterations. One can identify the next candidate to add to
the subnetwork in polynomial time by simply checking the necessary uniform weight increase
for each candidate, and choosing the candidate which requires the minimum weight increase.
Computation of the relevant max flow is in polynomial time by Lemma 4.2. The termination
condition of the loop is also clearly polynomial time checkable. Lastly, the greedy completion step
requires only a linear pass over a sorted list of the candidates. O

We note that, when applied to the k = 1 special case, RUT is equivalent to the fair utilitarian rule
defined by Bogomolnaia et al. [2002]. However, in the single-winner context, each voter allocates
their entire share in a single round, and thus the algorithm is significantly simpler and it is not
necessary to use a network flow-based approach. Brandl et al. [2021] generalized the fair utilitarian
rule to the single-winner setting with arbitrary voter endowments. We note that RUT could similarly
be extended to a generalization of our setting with endowments.

4.2 On Strategyproofness and GRP-efficiency

While RUT is both efficient and fair, it is not strategyproof. This is inevitable in light of Theorem 2
of Brandl et al. [2021] which states that no strategyproof and efficient rule can satisfy positive share -
a minimal fairness requirement which guarantees every voter non-zero utility. In the single-winner
setting, when strategyproofness and fairness are viewed as strict requirements, the most attractive
voting rule is the conditional utilitarian rule (CUT). For each voter i, the rule distributes 1/n to the
candidates in A; which are approved by the greatest number of voters. CUT is strategyproof and
maximizes utilitarian welfare subject to GFS. However, as we will now show, any extension of CUT
to probabilistic committee voting must lose one of these properties.

We say a rule satisfies GRP-efficiency (or is GRP-efficient) if it always returns a fractional com-
mittee which is efficient among GRP fractional committees. We define GFS-efficiency analagously.

Proposition 4.4. No voting rule satisfies GRP-efficiency and strategyproofness. Likewise, no voting
rule satisfies GFS-efficiency and strategyproofness.

Proor. Consider an instance with m = n + 1, committee size k = 2, and an approval profile A
defined as follows: A; = {co, ¢;} for all i € N. Suppose there is a rule F satisfying GRP-efficiency.
Let p = F(A, k) be the fractional committee returned by the rule. Note that, since k = 2, it must be
that p.; > 0 for some j € [n]. If p;, < 1, then we can shift € = min(p.;, 1 — p,) probability to p,
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from p.; without losing GRP. This holds since ¢, is approved by every voter and thus the LHS of
every GRP constraint is weakly increased by this shift. Call the resulting fractional committee g.
It is apparent that u;(§) = u;(p) and u;(§) > u;(p) for all i # j. Thus, § Pareto dominates p. This
contradicts GRP-efficiency, and thus we can assume instead that p., = 1.

Since Y.;_; pe, = k — pe, = 1, it follows that p.; < % for some j € [n]. Note that u;(p) =
Doy +Pc; < 1+ % Now consider an alternative approval profile where voter j misreports her
preferences by dropping ¢, i.e. the approval profile A’ = {A1, Ay, ..., A}, ..., Ap} where A} = {c;}.
Let § = F(A’, k) be the fractional committee returned by the rule in this case. By a similar argument
to before, it must be that g., = 1. Furthermore, GRP requires that ) . A, qe 2 ’ﬁ = % Thus,

, . 2 1 .
uj(F(A', k) = uj(q@) = qey +qc; = 1+; > 1+; >uj(p) = uj(F(AKk)).

This proves that F is not strategyproof. The same argument can be used to show that GFS-efficiency
and strategyproofness are likewise incompatible. O

Due to the impossibility, we are forced to compromise when designing probabilistic committee
voting rules. It is known that the random dictator family of voting rules satisfy GFS and strate-
gyproofness in probabilistic committee voting [Aziz et al., 2023a]. We will introduce a new rule,
Generalized CUT, which maximizes utilitarian welfare subject to GRP (and is thus GRP-efficient).
We note that welfare maximization is arguably a more natural objective than weighted welfare
maximization according to the somewhat arbitrary weights computed by RUT. Thus, while RUT
satisfies efficiency and GRP, it is not the case that it is always prefereable to Generalized CUT.

At a high level, the rule computes a max flow, while prioritizing candidates in order of their
contribution to social welfare. To do so, it reduces the instance to a minimum-cost maximum-flow
problem. Formally, let U = (Cy, Cs, . . . C;) be a partition of C ordered by decreasing approval score,
ie. fora e C,b € Cj, INg| > |[Ny|] & i< jand |Ny| = [Ny| & i = j. We set the edge
costs to be such that cost(c,t) = r for all ¢ € C,,r € [I], and cost(u,v) = 0 for all other arcs in N.
Generalized CUT first computes a minimum-cost maximum-flow solution f*.* The algorithm then
allocates the remaining k — val(f*) probability to candidates in order of the candidate partition U.
Refer to Algorithm 2 for pseudocode.

Proposition 4.5. Generalized CUT maximizes utilitarian welfare subject to GRP.

PrOOF. Let p be the fractional committee returned by Generalized CUT. Since p clearly ele-
mentwise dominates the fractional committee given by f*, a max flow on N by virtue of being a
minimum-cost maximum-flow solution on N, it follows from Theorem 3.3 that 13 satisfies GRP.

We must now show that p maximizes utilitarian welfare amongst GRP outcomes. Let § denote
some fractional committee which satisfies GRP. Our goal is to show that the social welfare attained
by p is at least that of g, i.e. Y;en i(P) = Xien 4i(§). We denote by @° the (partial) fractional
committee given by some max flow f’ on N such that gq. > ¢? for all ¢ € C. Note that such a
fractional committee must exist by the characterization of GRP (Theorem 3.3), which ¢ satisfies.
Recall that p° is the fractional committee given by f*. We also introduce some new notation. Let
U : Q" — Q' provide a mapping from fractional committees to a vector giving the aggregate
amount of probability allocated to each set of candidates in the partition U. That is, for some
fractional committee X, U (¥); = Xcec, Xc for all j € [1].

Claim 4.6. Y, c(;) UD")r = X cp;) UG"), forall j € [1].
“This step can use any polynomial time method for solving minimum-cost maximum-flow problems, e.g. Cut Canceling

[Ervolina and McCormick, 1993, Goldberg and Tarjan, 1989], guaranteeing that Generalized CUT runs in polynomial time.
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We use Claim 4.6 (the proof of which can be found in the appendix) to show that U (p) stochas-
tlcally dominates U(G), i.e., 3¢ ](Ll(p)r > Yrepj) U(Q)r forall j € [I]. Fix j € [I]. Observe that
p is computed by allocating k — Y cc p° probablhty to candidates in the order of the candidate
partition U. Thus, a candidate in Cj for j’ > j is allocated probability in this “greedy step” only if
pe = 1forall ¢ € U,¢[;)C;. Taken altogether, this leads us to our stochastic dominance relation:

DU =D Y pe=ming DTG D1 D pl (k=) pd)

reljl re(jlceCr reljl relj] ceC, ceC
> min Z |Cr, Z Z g+ (k- ch .+ Claim 1
relj] re(j] ceCr ceC

= min Z ICrl, Z Z °+ (k- ch v f* and f” are both max flows

relj] relj] ceC, ceC
1
= min Z |Cr], k — Z qu
relj] r=j+1 ceC,
1
> min Z:IClk—Z:Z:qC “gqe2q) YeeC
relj] r=j+1 ceC,
Z ch Z(Ll(q)r '.'chzkanquSI VeeC
relj] ceCy relj] ceC

Let 1.} be an indicator function and let a; denote the approval score of each candidate in Cj, i.e.
aj = |N¢|, ¢ € Cj. We now have what we need to show that  attains a greater social welfare than §:

Z ui(ﬁ) - Z ui(q) Z chﬂ{ceAi} - Z Z Gelicea;

ieEN ieN ieN ceC ieN ceC
= DN (pe=g0) = DL D a4 (pe—g0)
ceC jell] ceCr
= > a4 [UF); - U@G);] = 0
Jjell]

The final inequality follows from Lemma 4.7 once we note that {a;} e[ is non-increasing and
the sequence {U (p); — U(q);}je[1) has non-negative partial sums because {2 (p)} stochastically
dominates {U(q)}. O

Lemma 4.7. Let {a;} and {b;} be two sequences of r real numbers such thata; > a, > ... > a, >0
and for allr’ € [r], it holds that }’;c(,-1 bi > 0. Then, it must be that };c(, ai - bi > 0.

We remark that, using the same argument used to prove Proposition 4.5, it can be shown that
a simple modification of Algorithm 2 maximizes weighted utilitarian welfare subject to GRP for
arbitrary weights. Furthermore, it is our view that Algorithm 2 nicely demonstrates how network
flow tools can be used by voting rules to optimize an objective subject to GRP more broadly.
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5 Best-of-both-worlds Fairness

In this section, we will build upon the characterization of our new axiom to obtain a general
best-of-both-worlds result. This result leads us to strengthen two known compatibility results from
Aziz et al. [2023a], answering an open question left by the authors in the process. We begin with a
lemma which, at a high level, shows that any fractional committee which can be represented by a
network flow can be completed to a max flow.

Lemma 5.1. Let G be the committee given by a feasible flow on network representation N. There
exists a max flow f* on N, computable in polynomial time, such that the committee p given by f*
elementwise dominates g.

Proor. Let f be a feasible flow on network representation N and Ry be the residual network
resulting from f. Also let g be the fractional committee given by f. If there is no augmenting path
on Ry, then f is a max flow and the statement holds since g elementwise dominates g. Otherwise,
if there is some augmenting path, send flow along this path, and denote the resulting flow f’. The
final arc in the augmenting path must be of the form (c’, t) for some ¢’ € C by the structure of N.
Since (¢’, t) is an arc in N, it is clear that f’(¢’ — t) > f(c¢’ — t). Note that the augmenting path
can only contain one arc entering the sink (since otherwise it would contain a cycle), and thus
f'(c > t)=f(c > t)forallc € C\{c'}. It is now apparent that the fractional committee given by
f’ elementwise dominates g. Thus, this property can be maintained while eliminating augmenting
paths, which will lead to a max flow in polynomial time. O

The results of this section make use of a property which Brill and Peters [2024] have termed
affordability, which weakens the definition of priceability from Peters and Skowron [2020] by
removing the final condition that no unselected candidate can be afforded by its supporters.

Definition 5.2 (Affordability). We say W is affordable if there exists a payment function 7; : C —
R satisfying the following four conditions:

(1) mi(c) =0foreachi € N, c & A;

(2) Yeecmi(c) < k/nforeachie N

(3) Yienmi(c) =1foreachc e W

(4) Yienmi(c) =0foreachc ¢ W.

The main theorem of this section shows that, for every affordable committee W, there is an
ex-ante GRP lottery for which every committee in its support contains W.

Theorem 5.3. Let W be an affordable committee. There exists a lottery A = {(A;, W})};je[s] such
that (1) A satisfies GRP and (2) W C W; for all j € [s]. Furthermore, given W, such a lottery can be
computed in polynomial time.

Proor. For some instance of our problem, let N be the network formulation and W be some
affordable committee.
Now consider the flow f on N defined as follows:
o f(s,i) = Ycecmilc)forallie N
o f(i,c) =m(c) forallie N,ceC
o f(c,t) =2 en mi(c) forallc € C.
We claim that f is a feasible flow on N. It is apparent that f respects conservation of flows as
each voter’s incoming flow is equal to their outgoing flow and the same is true for candidate
nodes. To see that the capacity constraints of N are respected by f, note that Condition 2 ensures
that f(s,i) < k/n = cap(s,i) for all i € N, Condition 1 ensures that f(i,c) = 0 = cap(i,c) for all
i € N,c ¢ A;, and Conditions 3 and 4 ensure that f(c,t) < 1 =cap(c,t) forall ¢ € C.
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Let g be the committee given by f. Since f is feasible, we can conclude by Lemma 5.1 that there
exists a max flow f* such that the committee p given by f* elementwise dominates g§. Consider
some implementation A of p. Since p. > q. = f(¢c — t) = 1 for all ¢ € W by Condition 3, we have
that every committee in the support of A contains W. Lastly, because 7 is the fractional committee
given by the max flow f* on N, we have by Theorem 3.3 that p and thus A satisfies GRP. O

Pierczynski et al. [2021] gave an exponential-time algorithm for an FJR committee and showed
([Pierczynski et al., 2021, Lemma 2]) that this committee satisfies affordability. This leads us to the
following corollary to Theorem 5.3, which resolves an open question posed by Aziz et al. [2023a].

Corollary 5.4. A lottery satisfying ex-post FjR and ex-ante GRP is guaranteed to exist.

Aziz et al. [2023a] also gave an algorithm using the Method of Equal Shares (MES) [Peters and
Skowron, 2020] as a subroutine and showed that this algorithm gives EJR+, Strong UFS, and GFS.
Since MES always returns a priceable (and thus affordable) committee, another consequence of
Theorem 5.3 is a strengthening of Theorem 4.1 from Aziz et al. [2023a]. By applying the procedure
described in the proof of Lemma 5.1 to the result of MES, we can obtain a randomized committee
which obtains all of the ex-post properties of MES in tandem with GRP.>

Corollary 5.5. A lottery satisfying ex-post EJR+ and ex-ante GRP can be computed in polynomial
time.

As these corollaries show, Theorem 5.3 provides a useful tool that could aid in producing further
best-of-both-worlds results in public decision problems.

Discussion

In this paper, we introduced a new fairness axiom for probabilistic committee voting. We char-
acterized our axiom and gave several algorithmic results exploring compatibility with efficiency,
strategyproofness, and ex-post fairness. Our characterization demonstrated a connection between
fair committee voting and network flows. We believe that this network-based approach will prove
useful for extensions of committee voting such as participatory budgeting.

We showed that strategyproofness is incompatible with GRP-efficiency and GFS-efficiency
(Proposition 4.4). One way of circumventing this impossibility is by weakening strategyproofness.
A natural choice may be excludable strategyproofness, introduced in the single-winner setting by
Aziz et al. [2019a], which guarantees no voter has incentive to deviate if they can only derive utility
from candidates they claimed to approve. It would be interesting to explore the compatibility of
excludable strategyproofness with the notions of fairness and efficiency studied in this paper.

Proposition 4.4 puts fair, efficient, and strategyproof rules even further from reach in the proba-
bilistic committee voting setting than in the single-winner setting. However, plenty of questions
remain surrounding the compatibility of strategyproofness and fairness. As we pointed out, ran-
dom dictator satisfies strategyproofness and GFS. However, to our knowledge, there is no known
strategyproof rule that satisfies Strong UFS. Since GRP implies Strong UFS, one would need to
tackle this issue in order to prove compatibility of GRP and strategyproofness. Our definition of
strategyproofness can also be rewritten for rules which return lotteries, in which case it captures
ex-ante strategyproofness. We believe ex-ante strategyproofness is among the most intriguing
directions for future work in best-of-both-worlds committee voting, particularly because ex-post
strategyproofness is incompatible with even a very weak form of ex-post fairness [Peters, 2021].

Note that rules belonging to BW-MES, the family of rules which give ex-post EJR+, ex-ante GFS, and ex-ante Strong UFS
(Theorem 4.1, Aziz et al. [2023a]), do not necessarily satisfy GRP. To see this, suppose one voter with budget left after the
MES phase does not approve of any unselected candidate, while another voter has no budget remaining and approves some
unselected candidate. An arbitrary allocation of the remaining budget need not satisfy GRP with respect to two such voters.
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